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REVIEW OF MULTIBODY CHARM ANALYSES
Revised 2015 by D. M. Asner (Pacific Northwest National
Laboratory) and J. Rademacker (University of Bristol)
Kinematics & Models The differential decay rate to a point
s = (s1 , . . . , sn) in n dimensional phase space can be expressed
as
¯
¯
¯ n
∂ nφ
2 ¯¯
¯d s
dΓ = |M(s)| ¯
(1)
∂(s1 . . . sn ) ¯
∂ nφ
| represents the density of states at s, and
∂(s1 . . . sn )
M the matrix element for the decay at that point in phase
∂ nφ
space. For two–body decays, |
| is a δ function,
∂(s1 . . . sn )
while for D0 decays to 3, 4, 5, . . . pseudoscalars, phase space
is 2, 5, 8, . . . dimensional, leading to a rich phenomenology.
Additional parameters are required to fully describe decays
with vector particles in the initial or final state.
For the important case of a pseudoscalar decaying to 3
pseudoscalars, the decay kinematics can be described in a
two dimensional Dalitz plot [1]. The Dalitz plot of D → abc
is usually parametrized in terms of invariant–mass–squared
variables s1 = (pa + pb )2 and s2 = (pb + pc )2 , where pa , pb , pc are
the four–momenta of particles a, b, c. In terms of these variables,
phase–space density is constant across the kinematically allowed
region, so that any structure seen in the Dalitz plot is a direct
consequence of the dynamics encoded in |M|2.
An important difference between decays to two or three
pseudoscalars compared to decays to four or more particles is
the behavior under parity. In the former case, the operation
of parity can also be expressed as a rotation, so no parity
violating observables can be defined (unless they also violate
rotational invariance). This is not the case for decays to four or
more particles. This leads to the interesting possibility of using
parity–odd observables in four body decays for CP violation
searches, as discussed below. Another consequence of these
considerations is that four–body–decay kinematics cannot be
described unambiguously in terms of invariant–mass–squared
variables, as these are all parity even.
where |
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The matrix element M is usually modeled as a sum of
interfering decay amplitudes, each proceeding through resonant two–body decays [2]. See Refs [2–4] for a review of
resonance phenomenology. In most analyses, each resonance
is described by a Breit–Wigner or Flatté lineshape, and the
model includes a non–resonant term with a constant phase
and magnitude across the Dalitz plot. This approach has well–
known theoretical limitations, such as the violation of unitarity
and analyticity, which tend to be particularly problematic for
broad, overlapping resonances. This motivates the use of more
sophisticated descriptions, especially for the broad, overlapping resonances that occur typically in the S–wave components. In charm analyses, these have included the K–matrix
approach [5,6,7] which respects unitarity; the use of LASS scattering data [8]; dispersive methods [9,10]; methods based
on chiral symmetry [11,12]; and quasi model–independent
parametrizations [13,14]. An important example first analyzed
by CLEO [15,16,17] is D0 → KS π + π − , which is a key channel
in CP violation and charm mixing analyses. Belle models this
final state as a superposition of 18 resonances (including 4 significant doubly Cabibbo suppressed amplitudes) described by
Breit–Wigner or Flatté lineshapes, plus a non–resonant component [18]. CDF’s analysis follows a similar approach [19].
BaBar’s model for the same decay replaces the broad ππ and
Kπ S–wave resonances and the non–resonant component with a
K–matrix description [20]. Belle’s and BaBar’s data have been
re–analyzed by [21] in a QCD factorization framework, using
line–shape parametrizations for the S [11,12] and P wave [10]
contributions (with input from τ − → KS π − ντ data [22] for
the latter) that preserve 2–body unitarity and analyticity. The
measurements give compatible results for the components they
share. All three approaches remain within the confines of the
“isobar” framework which treats the decay as a series of independent two–body processes, ignoring long–range hadronic
effects. Dispersive techniques that account for these hadronic
effects and respect full 3 body unitarity and analyticity have
been applied to regions of the D− → K − π + π + Dalitz plot
below the η ′ K threshold [23].
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Limitations in the theoretical description of interfering resonances are the leading source of systematic uncertainty in many
analyses. This is set to become increasingly problematic given
the statistical precision achievable with the vast charm samples
available at the B factories, LHCb, and their upgrades. Already
now, clean data samples with millions of charm events are available even in suppressed decay modes, e.g. 2.4M D0 → π − π + π 0
events at LHCb [24]. In some cases, the model uncertainty can
be removed through model–independent amplitude methods,
often relying on input from the charm threshold, as discussed
below. At the same time, increasingly sophisticated models are
being developed, and applied to data.
Applications of multibody charm analyses The interference between the decay paths via which multibody decays
proceed provides sensitivity to both relative magnitudes and
phases of the contributing decay amplitudes. It is especially
this sensitivity to phases that makes amplitude analyses such a
uniquely powerful tool for studying a wide range of phenomena.
Here we concentrate on their use for CP violation measurements
and mixing in charm, and charm inputs to CP violation analyses
in B meson decays. The properties of light–meson resonances
determined in D–meson amplitude analyses are reported in the
light–unflavored–meson section of this Review.
Time–integrated searches for CP violation in charm
Comparing the results of amplitude fits for CP–conjugate decay
modes provides a measure of CP violation. The advantage of
this approach over the model–independent searches discussed
in the next paragraph is the physical interpretation of any
CP violation observation that such a fit result would allow.
The disadvantage lies in the theoretical uncertainty intrinsic
to such analyses due to the amplitude–model dependence.
Recent CP violation searches using this method include CLEO–
c’s amplitude analysis of D0 → K + K − π + π − [25] and CDF’s
analysis of ∼ 350, 000 D0 → KS π + π − events [19].
The most common model–independent approach for searching for local CP violation across a Dalitz plot is based on
performing a χ2 comparison of the number of events in the bins
of CP–conjugate Dalitz plots. This method was pioneered by
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BaBar [26] and developed further in [27,28], with recent results in D± → K + K − π ± [29,30,31], D0 → KS π + π − [19], and
D+ → π − π + π + [32]. These techniques have been generalized
to four–body decays, and applied to D0 → K + K − π + π − and
D0 → π + π − π + π − [33]. Un–binned methods can increase the
sensitivity [34]; two different unbinned methods have been applied by LHCb to D+ → π − π + π + [32] and D0 → π + π − π 0 [24].
None of these analyses have shown evidence of CP violation.
Another model–independent approach, providing complementary information, is based on constructing observables
in four body decays that are odd under motion reversal
(“naı̈ve T”) [35–43], which is equivalent to P for scalar particles [43]. One such observable is CT = ~pK + · (~
pπ + × p~π − ) in
0
+
−
+
−
D →K K π π . The rate asymmetry of positive and negative
Γ (CT > 0) − Γ (CT < 0)
CT , AT ≡
, is a P violating paramΓ (CT > 0) + Γ (CT < 0)
eter. Comparing AT with the C–conjugate asymmetry in D0
decays, ĀT , provides sensitivity to CP violation. Searches for
CP violation in this manner have been carried out by FOCUS
in D0 → K + K − π + π − [44], BaBar in D0 → K + K − π + π − ,
D+ → K + KS π + π − , and Ds+ → K + KS π + π − [45,46],
and
0
+
−
+
−
LHCb in D → K K π π [47]. In addition to a phase–
space integrated result, LHCb’s analysis is also carried out
locally in sub–regions of phase space to enhance the sensitivity
of the method. All results so far have been consistent with CP
conservation.
D mixing and CP violation Time–dependent amplitude
analyses in decays to final states that are accessible to both
D0 and D0 have unique sensitivity to mixing parameters. A
Dalitz plot analysis of a self–conjugate final state, such as
KS π + π − and KS K + K − , allows the measurement of the phase
difference between the relevant D0 and D0 decay amplitudes,
and thus a direct measurement of the mixing parameters x, y
(rather than the decay–specific parameters x′2 , y ′ measured for
example in D0 → Kπ) [17]. These analyses are also sensitive
to CP violation in mixing and in the interference between
mixing and decay. These results are summarized in Ref. [48].
The important role from charm threshold data as input to such
measurements is discussed below.
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Charm amplitude analyses for measuring γ/φ3 Neutral
D mesons originating from B − → DK − (which we denote with
DB − ) are a superposition of D0 and D0 with a relative phase
that depends on γ/φ3 :
DB − ∝ D0 + rB ei(δB −γ) D0 ,
where δB is a CP conserving strong phase, and rB ∼ 0.1. In
the corresponding CP–conjugate expression, γ/φ3 changes sign.
An amplitude analysis of the subsequent decay of the DB ±
allows an extraction of γ/φ3 [49–54]. The method generalizes
to similar B hadron decays, such as B 0 → DK ∗0 . Measurements
based on this technique have been reported by BaBar, Belle
and LHCb using both model–dependent approaches and model–
independent ones based on CLEO–c input [18,55–61,65–67].
The most precise individual results come from the study of the
DB − → KS π + π − and DB − → KS K + K − with an uncertainty
of approximately 15◦ [18,55,59,67].
Model independent methods for γ/φ3 and charm mixing
The theoretical uncertainty on amplitude models of multibody
D0 decays potentially limits the precision of measurements
of γ/φ3 in B ± → DK ± and related decay modes. Model–
independent methods to measure γ/φ3 require input related
to the relative phases of the D0 and D 0 decay amplitudes
across the phase–space distribution. The same considerations
apply to measurements of D0 mixing and CP violation parameters in time–dependent Dalitz plot analyses. The required
phase information is accessible at the charm threshold, where
CLEO–c and BES III operate [48,52,68–74]. There, D mesons
originate from the decay ψ(3770) → DD. The two D mesons
are quantum–correlated which can be used to identify decays
of well–defined D0 − D0 superpositions to the final state of
interest. The resulting interference of D0 and D0 amplitudes
provides the desired model–independent phase information. For
decays to non–self–conjugate decays such as D0 → K + π − π + π − ,
analysing D0 − D 0 superpositions provides the only way of measuring the relative phase between the D0 and D0 amplitudes.
These analyses can be performed in sub–regions/bins of
phase space, or integrated across phase space. The relevant
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result can be expressed in terms of one complex parameter
Z = Re−iδ per pair of CP–conjugate phase space bins, with
magnitude R ≤ 1. The larger R, the higher the sensitivity to
interference effects, and thus to γ/φ3. The sensitivity of the
binned analyses can be optimized by using amplitude model–
dependent information to maximize R in each bin, without
introducing a model–dependent bias in the result. CLEO–c data
have been analyzed in this way to provide binned results for the
self–conjugate decays D0 → KS ππ and D0 → KS KK [75,76].
The phase–space integrated analyses for D0 , D0 → KS K + π − ,
K − π + π 0 , and K − π + π − π + have yielded Z KS Kπ = (0.73 ±
◦

0.8)e−i(8.3

±15.2◦ ) ,

◦
◦ +20
−14◦ )

0

Z Kππ = (0.82 ± 0.07)e−i(164

+21◦
−i(225◦ −78◦ )

, Z K3π =

, respectively [77,78,79]. These results
(0.32+0.20
−0.28 )e
follow the usual convention for γ/φ3–related studies where
CP|D0 i = +|D0 i, while in charm mixing measurements, one
usually takes CP|D0 i = −|D 0 i, leading to a phase–shift in δ of
π. Restricting the analysis to a bin around the K ∗ K resonance
in the KS Kπ Dalitz plot, [77] find R = 1.00 ± 0.16, illustrating
the benefit in dividing phase space into bins.
The corresponding phase space–integrated input for self–
conjugate decays such as D0 → π + π − π 0 takes the form of
a single real parameter, the CP–even fraction F+ , defined
such that a CP even eigenstate has F+ = 1, while a CP–odd
eigenstate has F+ = 0 [72]. A recent analysis of CLEO–c
data revealed that D0 → π + π − π 0 is compatible with being
completely CP–even with F+ = 1.014 ± 0.045 ± 0.022, while
D0 → K + K − π 0 has F+ = 0.734 ± 0.106 ± 0.054 and D0 →
π + π − π + π − has F+ = 0.737 ± 0.028 [73].
The charm system itself provides, through mixing, a well–
defined, time–dependent superposition of D0 and D0 . Using
mixing parameters measured independently as input, this can
be used to obtain the relevant information for γ/φ3 measurements. This method is expected to be particularly powerful in
doubly Cabibbo–suppressed decays such as D0 → K + π − π + π − ,
and when used in conjunction with information from charm
threshold [80,81].
Summary Multibody charm decays offer a rich phenomenology, including unique sensitivity to CP violation and charm
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mixing. This is a highly dynamic field with many new results
(some of which we presented here) and rapidly increasing, high
quality datasets. These datasets constitute a huge opportunity,
but also a challenge to improve the theoretical descriptions
of soft hadronic effects in multibody decays. For some measurements, model–independent methods, many relying on input
from the charm threshold, provide a way of removing model–
induced uncertainties. At the same time, work is ongoing to
improve the theoretical description of multibody decays.
References
1. R.H. Dalitz, Phil. Mag. 44, 1068 (1953).
2. M. Bauer, B. Stech, and M. Wirbel, Z. Phys. C4, 103
(1987); P. Bedaque, A. Das, and V.S. Mathur, Phys. Rev.
D49, 269 (1994); L.-L. Chau and H.-Y. Cheng, Phys. Rev.
D36, 137 (1987); K. Terasaki, Int. J. Mod. Phys. A10,
3207 (1995); F. Buccella, M. Lusignoli, and A. Pugliese,
Phys. Lett. B379, 249 (1996).
3. J.D. Jackson, Nuovo Cimento 34, 1644 (1964).
4. See the note on Kinematics in this Review.
5. E.P. Wigner, Phys. Rev. 70, 15 (1946).
6. S.U. Chung et al., Ann. Phys. 4, 404 (1995).
7. I.J.R. Aitchison, Nucl. Phys. A189, 417 (1972).
8. D. Aston et al. (LASS Collab.), Nucl. Phys. B296, 493
(1988).
9. R. Omnes, Nuovo Cimento 8, 316 (1958).
10. C. Hanhart, Phys. Lett. B715, 170 (2012).
11. B. El-Bennich et al. Phys. Rev. D79, 094005 (2009) [Phys.
Rev. D83, 039903(E) (2011)].
12. J.P. Dedonder et al. Acta Phys. Polon. B 42 (2011) 2013.
13. E.M. Aitala et al. (E791 Collab.), Phys. Rev. D73, 032004
(2006) [Phys. Rev. D74, 059901 (E)(2006)].
14. G. Bonvicini et al. (CLEO Collab.), Phys. Rev. D78,
052001 (2008).
15. H. Muramatsu et al. (CLEO Collab.), Phys. Rev. Lett.
89, 251802 (2002).
16. D.M. Asner et al. (CLEO Collab.), Phys. Rev. D70,
091101 (2004).
17. D.M. Asner et al. (CLEO Collab.), Phys. Rev. D72,
012001 (2005).

October 1, 2016

19:58

– 8–

18. A. Poluektov et al. (Belle Collab.), Phys. Rev. D81,
112002 (2010).
19. T. Aaltonen et al. (CDF Collab.), Phys. Rev. D86, 032007
(2012).
20. P. del Amo Sanchez et al. (BaBar Collab.), Phys. Rev.
Lett. 105, 081803 (2010).
21. J.P. Dedonder et al. Phys. Rev. D89, 094018 (2014).
22. D. Epifanov et al. (Belle Collab.), Phys. Lett. B654, 65
(2007).
23. F. Niecknig and B. Kubis, JHEP 1510, 142 (2015).
24. R. Aaij et al. (LHCb Collab.), Phys. Lett. B740, 158
(2015).
25. M. Artuso et al. (CLEO Collab.), Phys. Rev. D85, 122002
(2012).
26. B. Aubert et al. (BABAR Collab.), Phys. Rev. D78,
051102 (2008).
27. I. Bediaga et al., Phys. Rev. D80, 096006 (2009).
28. I. Bediaga et al., Phys. Rev. D86, 036005 (2012).
29. J.P. Lees et al. (BaBar Collab.), Phys. Rev. D87, 052010
(2013).
30. R. Aaij et al. (LHCb Collab.), Phys. Rev. D84, 112008
(2011).
31. R. Aaij et al. (LHCb Collab.), JHEP 1306, 112 (2013).
32. R. Aaij et al. (LHCb Collab.), Phys. Lett. B728, 585
(2014).
33. R. Aaij et al. (LHCb Collab.), Phys. Lett. B726, 623
(2013).
34. M. Williams, Phys. Rev. D84, 054015 (2011).
35. E. Golowich and G. Valencia, Phys. Rev. D40, 112, (1989).
36. G. Valencia, Phys. Rev. D39, 3339 (1989).
37. W. Bensalem and D. London, Phys. Rev. D64, 116003
(2001).
38. I.I.Y. Bigi, hep-ph/0107102.
39. W. Bensalem, A. Datta, and D. London, Phys. Rev. D66,
094004 (2002).
40. W. Bensalem, A. Datta, and D. London, Phys. Lett.
B538, 309 (2002).
41. A. Datta and D. London, Int. J. Mod. Phys. A19, 2505
(2004).
42. M. Gronau and J.L. Rosner, Phys. Rev. D84, 096013
(2011).
October 1, 2016

19:58

– 9–

43. G. Durieux and Y. Grossman, Phys. Rev. D92, 076013
(2015).
44. J.M. Link et al. (FOCUS Collab.), Phys. Lett. B622, 239
(2005).
45. P. del Amo Sanchez et al. (BaBar Collab.), Phys. Rev.
D81, 111103 (2010).
46. J.P. Lees et al. (BaBar Collab.), Phys. Rev. D84, 031103
(2011).
47. R. Aaij et al. (LHCb Collab.), JHEP 1410, 005 (2014).
48. See the note on D0 –D 0 Mixing in this Review.
49. M. Gronau and D. Wyler, Phys. Lett. B265, 172 (1991).
50. M. Gronau and D. London, Phys. Lett. B253, 483 (1991).
51. D. Atwood et al., Phys. Rev. Lett. 78, 17, 3257 (1997).
52. A. Giri et al., Phys. Rev. D68, 5, 054018 (2003).
53. A. Poluektov et al. (Belle Collab.), Phys. Rev. D70, 7,
072003 (2004).
54. J. Rademacker and G. Wilkinson, Phys. Lett. B647, 400
(2007).
55. P. del Amo Sanchez et al. (BaBar Collab.), Phys. Rev.
Lett. 105, 121801 (2010).
56. R. Aaij et al. (LHCb Collab.), Phys. Lett. B726, 151
(2013).
57. R. Aaij et al. (LHCb Collab.), Phys. Lett. B723, 44
(2013).
58. R. Aaij et al. (LHCb Collab.), Phys. Lett. B718, 43
(2012).
59. R. Aaij et al. (LHCb Collab.), JHEP 1410, 97 (2014).
60. R. Aaij et al. (LHCb Collab.), Phys. Lett. B733, 36
(2014).
61. R. Aaij et al. (LHCb Collab.), Nucl. Phys. B888, 169
(2014).
62. B. Aubert et al. (BaBar Collab.), Phys. Rev. Lett. 99,
251801 (2007).
63. J.P. Lees et al. (BaBar Collab.), Phys. Rev. D84, 012002
(2011).
64. M. Nayak et al. (Belle Collab.), Phys. Rev. D88, 091104
(2013).
65. R. Aaij et al. (LHCb Collab.), Phys. Rev. D91, 112014
(2015).
66. J.P. Lees et al. (BaBar Collab.), Phys. Rev. D84, 012002
(2011).
October 1, 2016

19:58

– 10–

67. H. Aihara et al. (Belle Collab.), Phys. Rev. D85, 112014
(2012).
68. D. Atwood and A. Soni, Phys. Rev. D68, 033003 (2003).
69. S. Malde and G. Wilkinson, Phys. Lett. B701, 353 (2011).
70. A. Bondar et al., Phys. Rev. D82, 034033 (2010).
71. C. Thomas and G. Wilkinson, JHEP 1210, 184 (2012).
72. M. Nayak et al. Phys. Lett. B740, 1 (2015).
73. S. Malde et al. Phys. Lett. B747, 9 (2015).
74. S. Malde, C. Thomas, and G. Wilkinson, Phys. Rev. D91,
094032 (2015).
75. J. Libby et al. (CLEO Collab.), Phys. Rev. D82, 112006
(2010).
76. R.A. Briere et al. (CLEO Collab.), Phys. Rev. D80,
032002 (2009).
77. J. Insler et al. (CLEO Collab.), Phys. Rev. D85, 092016
(2012).
78. J. Libby et al., Phys. Lett. B731, 197 (2014).
79. N. Lowrey et al. (CLEO Collab.), Phys. Rev. D80, 031105
(2009).
80. S. Harnew and J. Rademacker, Phys. Lett. B728, 296
(2014).
81. S. Harnew and J. Rademacker, JHEP 1503, 169 (2015).

October 1, 2016

19:58

